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Abstrat. We onstrut expliit embeddings of generalized Danielewski surfaes [5℄ in ane
spaes. The equations dening these embeddings are obtain from the 2×2 minors of a matrix
attahed to a labelled-rooted tree g. The orresponding surfaes Vg ome equipped with
anonial C+-ations whih appear as the restritions of ertain C+-ations on the ambient
ane spae. We haraterize those surfaes Vg with a trivial Makar-Limanov invariant, and
we omplete the study of log Q-homology planes with a trivial Makar-Limanov invariant
initiated by Miyanishi and Masuda [11℄.
Introdution
In [5℄, the author introdued the notion of generalized Danielewski surfae (GDS for short).
This is a normal ane surfae V whih admits a faithfully at morphism q : V → Z = A1
C
with redued bers and generi ber A1K(Z), suh that all but possibly one losed ber q
−1 (z0)
are integral. For instane, a nonsingular ordinary Danielewski surfae VP,n ⊂ C [x, y, z] with
equation xnz − P (y) = 0, where P is a nononstant polynomial with simple roots, is a GDS
for the projetion prx : VP,n → Z = Spe (C [x]). Generalized Danielewski surfaes appear
naturally as loally trivial ber bundles ρ : V → X over an ane line with a multiple origin
(see e.g. [6℄). In [5℄, the author established that every suh bundle is obtain from an invertible
sheaf L on X and a eh 1-oyle g with values in the dual L∨ of L. In turn, this invertible
sheaf L and the oyle g are enoded in a ombinatorial data onsisting of a rooted tree with
weighted edges, whih we all a weighted rooted tree (see [5, Theorem 4.1℄ and 3.3 below). Here
we use rooted trees in a dierent way to onstrut embeddings of GDS's into ane spaes.
More preisely, starting with ertain rooted trees with weights on their nodes, whih we all
labelled rooted trees, we onstrut expliit ideals of ertain polynomial rings. In turn, these
ideals dene ane surfaes whih are naturally GDS's over the ane line A1
C
.
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• •
•
•
•e0
0
1
−1 0
A weighted tree γ rooted in e0.
• •
•
•
•
•
•e0
0
1
2
3
0
0
A labelled tree g rooted in e0.
The paper is divided as follows. In setion 1 we reall basi fats on rooted trees and
we give a proedure to onstrut an ane sheme Vg from the data onsisting of a labelled
rooted tree g = (Γ, lb). These shemes Vg = Spe (Bg) are naturally shemes over an ane
line Z = Spe (C [h]), and they ome embedded into ane spaes A
d(Γ)+1
Z = Spe (C [h] [Γ])
depending on the tree Γ. In setion 2, we prove the following result (theorem 2.1)
Theorem 0.1. For every ne-labelled rooted tree g (see denition 1.3 below), the sheme
Vg = Spe (Bg) is a GDS over Z = Spe (C [h]).
For instane, the Bandman and Makar-Limanov surfae [1℄ V ⊂ C [x, y, z, u] with equation
xz = y
(
y2 − 1
)
, yu = z
(
z2 − 1
)
, xu =
(
y2 − 1
) (
z2 − 1
)
is a GDS over Z = Spe (C [x]) for the morphism prx : V → Z. This data orresponds to the
ne-labelled rooted tree
g = • •
•
•
•
•
e0
−1
1
0
−1
1
In setion 2, we reall [5℄ how a weighted rooted tree γ denes a GDS qγ : Wγ → Z. Then,
starting with suh a weighted rooted tree γ = (Γ, w), we onstrut a ne-labelled rooted tree
gw = (Γ, lbw) with the same underlying tree Γ and a losed embedding iγ : Wγ →֒ A
d(Γ)+1
Z
induing an isomorphism Wγ ≃ Vgw . This leads to the following result (theorem 3.1)
Theorem 0.2. Every GDS q : V → Z is Z-isomorphi to a GDS qg : Vg → Z for an
appropriate ne-labelled rooted tree g.
In setion 3 we study Ga,Z -ations on the GDS's qg : Vg = Spe (Bg) → Z. We onstrut
expliit loally nilpotent derivations of the algebras Bg. In [8, 9℄, Makar-Limanov proved that
every C+-ation on an ordinary Danielewski surfae VP,n ⊂ Spe (C [x, y, z]) is the restrition
of a C+-ation on A
3
C
= Spe (C [x, y, z]). We prove the following general result (theorem 4.9).
Theorem 0.3. Every Ga,Z-ation on a GDS q : Vg → Z dened by a ne-labelled rooted tree
g = (Γ, lb) is indued by a Ga,Z-ation on the ambient spae A
d(Γ)+1
Z = Spe (C [h] [Γ]).
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In setion 4, we onsider GDS's qg : Vg → Z with a trivial Makar-Limanov invariant. As a
onsequene of [5, Theorem 7.2℄, we obtain the following riterion (theorem 5.1).
Theorem 0.4. A GDS qg : Vg → Z has a trivial Makar-Limanov invariant if and only if g
is a ne-labelled omb (see 5.1 below).
This leads to the following desription (see 5.2 below). Let P1, . . . , Pn ∈ C [T ] be a olletion
of nononstant polynomials with simple roots, one of these root, say λi,1, 1 ≤ i ≤ n, being
distinguished. We let
Pi (T ) =
ri∏
j=1
(T − λi,j) = (T − λi,1) P˜i (T ) ∈ C [T ] , 1 ≤ i ≤ n.
Then every GDS with a trivial Makar-Limanov is isomorphi, for an appropriate hoie of
the polynomials P1, . . . , Pn, to a surfae
VP1,...,Pn ⊂ A
n+2
C
= Spe (C [x] [y1, . . . , yn+1])
with equations

xyi+1 =
(
i−1∏
k=1
P˜k (yk)
)
Pi (yi) 1 ≤ i ≤ n
(yj−1 − λj−1,1) yi+1 = yj

i−1∏
k=j
P˜k (yk)

Pi (yi) 2 ≤ j ≤ i ≤ n
,
where, by onvention,
i−1∏
k=j
P˜k (yk) = 1 if i = j. From this desription, we reover the following
haraterization of nonsingular ordinary Danielewski surfaes, due to Bandman and Makar-
Limanov [1℄ (5.4).
Theorem 0.5. For a GDS q : V → Z with a trivial Makar-Limanov invariant, the following
are equivalent.
1) V admits a free Ga,Z-ation.
2) The anonial sheaf ωV of V is trivial.
3) V is isomorphi to an ordinary Danielewski surfae VP,1 ⊂ A
3
C
= Spe (C [x, y, z]) with
the equation xz − P (y) = 0 for a ertain nononstant polynomial P with simple roots.
Following a remark of the author, Miyanishi and Masuda [11℄ proved that every nonsingular
Q-homology plane with a trivial Makar-Limanov invariant is a yli quotient of an ordinary
Danielewski surfae V ⊂ Spe (C [x, t, z]) with equation xz = tm−1 by a Zm-ation (x, t, z) 7→(
εx, εqy, ε−1z
)
, where ε is a primitive m-the root of unity and gcd (q,m) = 1. More generally,
the author proved in [5, theorem 7.7℄ that every normal ane surfae S with a trivial Makar-
Limanov invariant is a yli quotient of a GDS V . In ase that S is a log Q-homology plane,
this GDS an be determined expliitly. This leads to the following result (theorem 5.6), see
also [2℄.
Theorem 0.6. Every log Q-homology plane S 6≃ A2
C
with a trivial Makar-Limanov invariant
is isomorphi to a quotient of an ordinary Danielewski surfae V ⊂ Spe (C [x, t, z]) with
equation xz = tn − 1 by a Zm-ation (x, t, z) 7→
(
εx, εqt, ε−1z
)
, where ε is a primitive m-th
root of unity, n divides m and gcd (q,m/n) = 1.
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1. Affine shemes defined from labelled rooted trees
In this setion we explain how to onstrut ane shemes from labelled rooted trees.
Basis on rooted trees.
Let G = (N,≤) be a nonempty, nite, partially ordered set (a poset, for short). The elements
of N are sometimes alled the nodes of G. A totally ordered subset N ′ ⊂ N is alled a hain of
length l (N ′) = Card (N ′)− 1. A hain whih is maximal for the inlusion is alled a maximal
hain. For every e ∈ N , we let
(↑ e)G =
{
e′ ∈ N, e′ ≥ e
}
and (↓ e)G =
{
e′ ∈ N, e′ ≤ e
}
For every e < e′, e, e′ ∈ N , we let [e′, e]G := (↑ e
′)G ∩ (↓ e)G. A pair e < e
′
suh that
[e′, e]G = {e
′ < e} is alled an edge of G, and we denote the set of all edges in G by E (G).
Denition 1.1. A rooted tree Γ is poset Γ = (N (Γ) ,≤) with a unique minimal element e0
alled the root, and suh that (↓ e)Γ is a hain for every e ∈ N (Γ).
1.2. The maximal elements of a rooted tree Γ = (N (Γ) ,≤) are alled the leaves of Γ. We
denote the set of those elements by Leaves (Γ). An element of N (Γ) \ Leaves (Γ) is alled a
parent, and we denote the set of those nodes by P (Γ). Given e ∈ N (Γ) \ {e0}, an element
of the hain An (e) = (↓ e) \ {e} is alled an anestor of e. The parent of e is the maximal
element Par (e) of An (e). More generally, the n-th anestor of e is dened reursively by
Par
n (e) = Par
(
Par
n−1 (e)
)
∈ An (e). Given two dierent nodes g, g′ ∈ N (Γ), the rst
ommon anestor of g and g′ is the maximal element An (g, g′) of the hain An (g)∩An (g).
Given e ∈ P (Γ), the minimal elements of (↑ e)Γ \ {e} are alled the hildren of e, and we
denote the set of those nodes by ChildΓ (e). The degree degΓ (e) of a node e is the number
of its hildren. Given e ∈ N (Γ), the maximal rooted subtree of Γ rooted in e is the tree
Γ (e) = ((↑ e)Γ ,≤). A node e ∈ N (Γ) suh that l ((↓ e)) = n is said to be at level n, and we
denote the set of those nodes by Nn (Γ). The maximal hains of a rooted tree Γ are the hains
(1.1) (↓ e)Γ =
{
e0 < e1 < · · · < enf−1 < enf = e
}
, e ∈ Leaves (Γ) .
The height h (Γ) of Γ is the maximum of the lengths l ((↓ e)Γ) = ne, e ∈ Leaves (Γ).
In 1.3 and 1.4 below, we introdue two dierent notions of weights on a rooted tree Γ.
Denition 1.3. A labelling (with values in C) on a tree Γ rooted in e0 is a funtion
lb : N (Γ) \ {e0} → C
A labelling lb is alled ne if lb (f) 6= lb (f ′) whenever f and f ′ share the same parent e ∈ P (Γ).
A rooted tree Γ equipped with a labelling lb will be referred to as a labelled rooted tree and will
be denoted by g = (Γ, lb). A rooted tree Γ equipped with a ne labelling lb will be referred
to as a ne-labelled rooted tree. For every e ∈ P (Γ), we let g (e) = (Γ (e) , lb) be the maximal
subtree of Γ rooted in e, equipped with the restrition of the labelling lb to N (Γ (e)) \ {e}.
Denition 1.4. A weight funtion (with values in C) on a rooted tree Γ is a funtion
w : E (Γ)→ C,
i.e. a funtion whih assign a omplex number w ([e, f ]Γ) to every edge [e, f ]Γ of Γ, suh that
w ([e, f ]) 6= w ([e, f ′]) whenever f and f ′ share the same parent e ∈ P (Γ). A rooted tree Γ
equipped with a weight funtion w will be referred to as a weighted rooted tree and will be
denoted by γ = (Γ, w). For every e ∈ P (Γ), we let γ (e) = (Γ (e) , w) be the maximal subtree
of Γ rooted in e, equipped with the restrition of the weight funtion w to E (Γ (e)).
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Ane sheme assoiated to a labelled rooted tree.
In this subsetion we give a general proedure for onstruting an ane sheme Vg from the
data onsisting of a labelled rooted tree g = (Γ, lb). To x the notation, we let A = C [h] be
a polynomial ring in one variable, z0 = (h) ∈ Z = Spe (A) and Z∗ = Z \ {z0} ≃ Spe (Ah).
We let prZ : A
1
Z = Spe (A [X0])→ Z be the trivial line bundle over Z.
Denition 1.5. Given a rooted tree Γ, we let S (MΓ) be the symmetri algebra of the free
A-module MΓ with basis (Xe)e∈P(Γ). This is a polynomial ring over A in
(1.2) d (Γ) :=
h(Γ)∑
i=1
Card (Ni−1 (Γ) \ Leaves (Γ))
variables. Then we let A [Γ] = A [X0]⊗A S (MΓ).
Notation 1.6. If e′ ∈ P (Γ) is the parent of a given e ∈ P (Γ) \ {e0} then we will sometimes
denote Xe′ ∈ A [Γ] as X
Par(e). We also extend this relationship between the variables Xe,
e ∈ P (Γ), by letting X
Par(e0) = X0 ∈ A [Γ] .
For every node e ∈ P (Γ) of a given labelled rooted tree g = (Γ, lb), we introdue, in 1.7-
1.9 below, three polynomials Se (g) , Re (g) , Qe (g) ∈ A [Γ], dened reursively through the
labelling lb.
Denition 1.7. For every e ∈ P (Γ) and every subset J ⊂ Child (e) we let
SJe (g) =
∏
e′′∈(Child(e)\J)
(
X
Par(e) − lb
(
e′′
))
∈ C
[
X
Par(e)
]
⊂ A [Γ] .
We all Se (g) := S
∅
e (g) the sibling polynomial of e. This is a polynomial of degree degΓ (e).
The roots of Se (g) are simple if and only if lb : N (Γ) \ {e0} → C restrits to a ne labelling
on the subtree ({e} ∪ Child (e) ,≤Γ) of Γ.
Denition 1.8. The root polynomial of e ∈ N (Γ) is the polynomial Re (g) dened reursively
by Re0 (g) = 1 and
Re (g) = S
{e}
Par(e) (g)RPar(e) (g) ∈ C
[
X0, (Xe′)e′∈An(Par(e))
]
⊂ A [Γ] .
Denition 1.9. For every e ∈ P (Γ), we let
Qe (g) = Se (g)Re (g) ∈ C
[
X0, (Xe′)e′∈An(e)
]
⊂ A [Γ] .
Denition 1.10. Given a labelled rooted tree g = (Γ, lb), we let
M (g) =
(
M0, (Me)e∈P(Γ)
)
∈ Mat2,(Card(P(Γ))+1) (A [Γ])
be the matrix with the olumns
M0 =
(
h
1
)
∈ Mat2,1 (A [Γ]) and Me =
(
Qe (g)
Xe
)
∈ Mat2,1 (A [Γ]) , e ∈ P (Γ) .
Denition 1.11. Given a labelled rooted tree g = (Γ, lb), we let Ig ⊂ A [Γ] be the ideal
generated by the polynomials
(1.3)


∆0,e (g) = det (M0,Me) e ∈ P (Γ)
∆e′,e (g) = R
−1
e′′ (g) det (Me′ ,Me)
(e, e′) ∈ P (Γ)×An (e)
e′′ = Child (e′) ∩ (↓ e)
.
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The ane sheme Vg assoiated to g is the losed subsheme
Vg = Spe (Bg) ⊂ Spe (A [Γ]) , with Bg = A [Γ] /Ig
Remark 1.12. For every pair (e, e′) ∈ P (Γ)×An (e),
∆e′,e (g) =
(
X
Par(e′) − lb
(
e′′
))
Xe −Xe′Qe′,e (g) ,(1.4)
where e′′ = Child (e′) ∩ (↓ e) and Qe′,e (g) = R
−1
f ′ (g)Qe (g) ∈ C
[
(Xg)g∈[e′,Par(e)]
Γ
]
.
Remark 1.13. For every pair (e, e′) ∈ P (Γ) × An (e) as above, the polynomials ∆0,e (g),
∆0,e′ (g) and ∆e′,e (g) satisfy the syzygy relation
h∆e′,e (g) =
(
X
Par(e′) − lb
(
e′′
))
∆0,e (g)−Qe′,e (g)∆0,e′ (g) .(1.5)
Remark 1.14. Given a pair (g1, g2) ∈ P (Γ)×P (Γ) suh that gi 6∈ (↓ gj), i, j ∈ {1, 2}, we let
e ∈ P (Γ) be the rst ommon anestor of g1 and g2 by e, and we let ei = Child (e) ∩ (↓ gi),
i = 1, 2. Then
∆g1,g2 :=
(
Re (g)S
{e1,e2}
e (g)
)−1
det (Mg1 ,Mg2)(1.6)
= Qe,g1 (g)∆e,g2 (g)−Qe,g2 (g)∆e,g1 (g)(1.7)
This means that Ig oinides with the ideal generated by the simplied 2×2 minors of M (g),
i.e. the 2× 2 minors of M (g) simplied by a ommon fator aording to the rules (1.3) and
(1.6).
Notation 1.15. Hereafter, we will usually write P instead of P (g), where P (g) stands for any
of the polynomials Se (g), Re (g), Qe (g), ∆0,e (g) and ∆e′,e (g) attahed to a labelled rooted
tree g.
Example 1.16. Consider the following ne-labelled rooted tree
g = • •
•
•
•
•
e0
(e1,1,−1)
(e1,2, 1)
(e1, 0)
(e2,1,−1)
(e2,2)
The orresponding algebra is A [Γ] = C [h] [X0,Xe0 ,Xe1 ], and the assoiated matrix is
M (g) =
(
h X0
(
X20 − 1
) (
X20 − 1
) (
X2e0 − 1
)
1 Xe0 Xe1
)
.
Therefore Vg is the Bandman and Makar-Limanov surfae [1℄ with the equations
hXe0 = X0
(
X20 − 1
)
, X0Xe1 = Xe0
(
X2e0 − 1
)
, hXe1 =
(
X20 − 1
) (
X2e0 − 1
)
.
This is a GDS over Z = Spe (A) for the morphism qg : Vg → Z indued by the inlusion
A →֒ Bg. This A
1
-bration qg : Vg → Z restrits to the trivial line bundle over Z∗ = Z \ {z0},
whereas q−1g1 (z0) is the disjoint union of 4 urves
Ce1,1 , Ce1,2 ≃ Spe (C [Xe0 ]) and Ce2,1 , Ce2,2 ≃ Spe (C [Xe1 ]) .
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2. GDS's defined by a fine-labelled rooted trees
This setion is devoted to the proof of the following result (see also theorem 3.1 below).
Theorem 2.1. For every ne-labelled rooted tree g = (Γ, lb), the sheme Vg = Spe (Bg) is a
GDS over Z = Spe (A) for the morphism qg : Vg → Z indued by the inlusion A →֒ Bg.
Example 2.2. Consider the ordinary Danielewski surfae V = VP,1 ⊂ Spe (C [x, y, z]) with
equation xz = P (y), where P is a polynomial with r ≥ 1 simple roots y1, . . . , yr. It is a GDS
via prx : V → Z = Spe (C [x]). Sine xz−P (y) ∈ C [x, y, z] is an irreduible polynomial, V is
an irreduible. By the Jaobian riterion, it is also nonsingular. Thus prx is a at morphism.
It restrits to a trivial line bundle over Z∗ = Spe
(
C
[
x, x−1
])
. Sine the roots of P are
simple, the polynomials y − yi ∈ C [y], 1 ≤ i ≤ r are relatively prime and so,
pr−1x (0) = Spe (C [x, y, z] / (x, xz − P (y))) ≃
r⊔
i=1
Spe (C [y, z] / (y − yi))
is the disjoint union of urves Ci ≃ Spe (C [z]), 1 ≤ i ≤ r. In general, a sheme Vg assoiated
to a ne-labelled rooted tree g is given by more than one equation. Therefore, it is hard to
hek diretly if it is irreduible or not. In partiular, a neessary ondition for qg : Vg → Z to
be at is that no irreduible or embedded omponent of Vg is supported on the ber q
−1
g (z0).
Let us give a diret proof of the atness of prx : V → Z = Spe (C [x]) whih illustrates the
onstrutions used below. Sine prx restrits to a trivial line bundle over Z∗, it sues to show
that OV,v is a torsion free OZ,z0-module for every point v ∈ V suh that prx (v) = z0 = Z \Z∗.
For every i ∈ I, we let
Ri (y) =
∏
j 6=i
(y − yj) = (y − yi)
−1 P (y) ∈ C [x, y, z] .
Sine the roots of P (y) are simple, the prinipal open subsets
Ui = V ∩D (Ri) ≃ Spe (C [x, y, z] [t] / (xz − P (y) , Ri (y) t− 1))
≃ Spe (C [x, z, t] / (tRi (yi + xzt)− 1))
, 1 ≤ i ≤ r.
over V . Sine x does not divide tRi (yi + xzt) − 1, Ui is at over Z. Thus V is overed by
open subsets Ui, 1 ≤ i ≤ r, at over Z, whene is at over Z too. We also dedue diretly
from this desription that no irreduible omponent of V is supported on the ber pr−1x (0).
Indeed, the subsheme V (Ri) ∩ V is the union of the losures of the urves
Sj = {y = yj, z = 0, x 6= 0} ∩ V ⊂ V \ pr
−1
x (0) , j 6= i,
and of the irreduible omponents Cj , j 6= i, of the ber pr
−1
x (0). This shows that for for
every 1 ≤ i ≤ r the generi point of (Ci)red is ontained in the losure in V of the open subset
V \ pr−1x (0).
The proof divides as follows. In subsetion 1 we show that qg : Vg → Z is a at morphism.
Then is subsetion 2 we desribe the ber q−1g (z0).
1. Flatness of qg : Vg → Z.
In this subsetion we prove the following result.
Proposition 2.3. If g is a ne-labelled rooted tree then qg : Vg → Z is a at morphism
restriting over Z∗ to a trivial line bundle.
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2.4. If N (Γ) = {e0} then Bg = A [X0] and qg = prZ is a at morphism. Otherwise, (1.5)
implies that the image of Ig in Ah [Γ] = A [Γ]⊗A Ah is generated by the polynomials
(2.1) δ0,e = h
−1∆0,e = Xe − h
−1Qe, e ∈ P (Γ) .
Sine Qe only involves the variables X0 and Xe′ , e
′ ∈ An (e), we reursively arrive at an
Ah-algebras isomorphism Ah [Γ] /I0 ≃ Ah [X0]. Thus qg restrits to a trivial line bundle over
Z∗ ≃ Spe (Ah) and so, OVg ,x is a at OZ,z-module for every x ∈ Vg suh that qg (x) = z ∈ Z∗.
Given x ∈ Vg suh that qg (x) = z0, OVg ,x is a at OZ,z0-module provided that h is not a zero
divisor in OVg ,x. So it sues to show that h is not a zero divisor in Bg. In turn, it sues to
nd g1, . . . , gr ∈ Bg whih generate the unit ideal, suh that h is not a zero divisor in (Bg)gi
for every 1 ≤ i ≤ r. The following lemma says that Vg admits a natural overing by prinipal
open subsets.
Lemma 2.5. The sheme Vg is overed by the prinipal open subsets
Ue = D (Re) ∩ Vg ≃ Spe (A [Γ] [T ] / (Ig, ReT − 1)) , e ∈ Leaves (Γ) .
Proof. Let us show that the ideal J ⊂ A [Γ] generated by the polynomials Re, e ∈ Leaves (Γ),
is the unit ideal of A [Γ]. Given e′ ∈ P (Γ) suh that Child (e′) ⊂ Leaves (Γ), the polynomials
S
{e}
e′ ∈ C
[
X
Par(e′)
]
, e ∈ Child (e′), are relatively prime as g is ne-labelled. Thus there exist
polynomials Λe ∈ A [Γ], e ∈ Child (e
′), suh that
Re′ = Re′
∑
e∈Child(e′)
ΛeS
{e}
e′ =
∑
e∈Child(e′)
ΛeRe
and so, Re′ ∈ J . By repeatedly applying the same argument, we onlude that 1 = Re0 ∈ J .
Therefore the open subsets D (Re), e ∈ Leaves (Γ), over Spe (A [Γ]) and so, the open subsets
(Ue)e∈Leaves(Γ) over Vg. 
Given e ∈ Leaves (Γ), we have an isomorphism of C-algebras
Γ
(
Ue,OVg
)
≃ (Bg)Re ≃ A [Γ] [T ] / (Ig, Ge) ,
where Ge = TRe − 1 and Re denotes the image of Re ∈ A [Γ] in Bg. In view of 2.4 above, the
following proposition ompletes the proof of proposition 2.3.
Proposition 2.6. There exists a nonzero polynomial Pe ∈ A
[
X
Par(e), T
]
suh that
(Bg)Re ≃ A
[
X
Par(e), T
]
/ (TPe − 1) .
In partiular, h is not a zero divisor in (Bg)Re as it does not divide (TPe − 1).
Proof. With the notation of (1.1), we let
Li = R
−1
ei+1Re ∈ C
[
Xei , . . . ,Xene−1
]
⊂ A [Γ] , 0 ≤ i ≤ ne − 2.
Given e′ ∈ P (Γ) \ (↓ e), the rst ommon anestor An (e′, e) of e and e′ is a node ei for a
ertain indie i ≤ ne − 1, and e
′′ = Child (ei) ∩ (↓ e) 6= ei+1. We let
Ke′ =
(
Xei−1 − lb
(
e′′
))−1
Re ∈ C
[
X0,Xe0 , . . . ,Xene−1
]
⊂ A [Γ] .
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Modulo the ideal I0 generated by the polynomials

δ0,i = −
(
Xei−1 − lb (ei+1)
)
+ hXeiLiT
= TLi∆0,ei +
(
Xei−1 − lb (ei+1)
)
Ge
0 ≤ i ≤ ne − 2
δe′ = Xe′ − TKe′XeiQei,e′
= TKe′∆ei,e′ −Xe′Ge
e′ ∈ P (Γ) \ (↓ e)
An (e′, e) = ei
we an reursively eliminate all the variables in A [Γ] [T ] but X
Par(e) and T . Therefore, there
exists a nonzero polynomial Pe ∈ A
[
X
Par(e), T
]
suh that Re ≡ Pe mod I0 and so,
A [Γ] [T ] / (I0, Ge) ≃ A
[
X
Par(e), T
]
/ (TPe − 1)
as Ge = ReT − 1. In partiular h is not a zero divisor modulo (I0, Ge).
Now it sues to show that the ideals (I0, Ge) and (Ig, Ge) of A [Γ] [T ] oinide. By onstru-
tion I0 ⊂ (Ig, Ge). Conversely, the identities

∆0,ei = Rei+1δ0,i − hXeiGe 0 ≤ i ≤ ne − 2
∆0,e′ = hδe′ +
(
Xei−1 − lb (ei+1)
)−1
Qe′δ0,i
e′ ∈ P (Γ) \ (↓ e)
An (e′, e) = ei
,
guarantee that ∆0,e′ ∈ (I0, Ge) for every e
′ ∈ P (Γ). In turn, this implies that h∆e′′,e′ ∈
(I0, Ge) for every pair (e
′, e′′) ∈ P (Γ) × An (e′) by virtue of (1.5). Sine h is not a zero
divisor modulo (I0, Ge) we onlude that ∆e′′,e′ (g) ∈ (I0, Ge) for every suh pair (e
′, e′′). This
ompletes the proof. 
Remark 2.7. Sine qg is at, (1.5) and (2.1) implies that Bg is a sub-C-algebra of Bg⊗AAh ≃
Ah [X0]. On the other hand, (1.5) and proposition 2.3 assert that it sues to add the
polynomials ∆e′,e (g), (e, e
′) ∈ P (Γ) × AnΓ (e), to the obvious ones ∆0,e (g), e ∈ P (Γ), to
guarantee that the ber q−1g (z0) is the at limit of the bers q
−1
g (z), z ∈ Z∗.
2. The ber q−1g (z0).
Sine qg : Vg → Z is a at morphism restriting to a trivial line bundle over Z∗, Vg is a GDS
over Z provided that the ber q−1g (z0) is nonempty and redued. To desribe this ber, we
need the following auxiliary result.
Lemma 2.8. If Child (e0) 6= ∅ then there exists an isomorphism of C-algebras
A [Γ] / (h, Ig) ≃
∏
e∈Child(e0)
(
A [Γ (f)] /
(
h, Ig(e)
))
.
2.9. The polynomial ∆0,e0 ∈ Ig redues to Qe0 modulo h. Sine the roots lb (e) ∈ C, e ∈
Child (e0), of Qe0 are simple, we dedue that
A [Γ] / (h, Ig) ≃
∏
e∈Child(e0)
(A [Γ] / (Je, Ig)) ,(2.2)
where Je = (h,X0 − lb (e)). Thus lemma 2.8 is a onsequene of the following result.
Lemma 2.10. For every e ∈ Child (e0), the C-algebras A [Γ] / (Je, Ig) and A [Γ (e)] /
(
h, Ig(e)
)
are isomorphi.
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Proof. Sine Xe0 6∈ N (Γ (e)), we have
A [Γ (e)] = A [X0]⊗A S
(
MΓ(e)
)
≃ A [Xe0 ]⊗A S
(
MΓ(e)
)
.
With this hoie of oordinates,{
Qe′ (g (e)) = Qe0,e′ (g) e
′ ∈ P (Γ (e))
Qe′′,e′ (g (e)) = Qe′′,e′ (g) (e
′, e′′) ∈ P (Γ (e))×AnΓ(e) (e
′)
We let I0 ⊂ A [Γ] be the ideal generated by the polynomials

Qe0,e′ (g) e
′ ∈ P (Γ (e))
∆e′′,e′ (g) (e
′, e′′) ∈ P (Γ (e))×
(
AnΓ(e) (e
′)
)
δe0,e′ = (lb (e)− lb (g))Xe′ −Xe0Qe0,e′ (g)
{
e′ ∈ P (Γ) \ ({e0} ∪P (Γ (e)))
g = Child (e0) ∩ (↓ e
′) 6= e
.
Sine g is ne-labelled, lb (e)−lb (g) ∈ C∗ for every g ∈ Child (e0)\{e} and so, we an eliminate
modulo I0 all the variables Xe′ orresponding to nodes e
′ ∈ P (Γ) \ (P (Γ (e)) ∪ {e0}). We
onlude that
A [Γ] / (Je, I0) = A [Γ (e)] [X0] / (h,X0 − lb (e) , I0) ≃ A [Γ (e)] /
(
h, Ig(e)
)
.
Now it sues to show that the ideals (Je, I0) and (Je, Ig) of A [Γ] oinide.
If e′ ∈ P (Γ) \ (P (Γ (e))) then ∆0,e′ (g) ∈ Je as (X0 − lb (e)) divides Qe′ (g). If e
′′ ∈ AnΓ (e
′)
then, letting g′ = Child (e′′) ∩ (↓ e′), we obtain that
∆e′′,e′ (g) mod Je =
{
δe0,e′ ∈ I0 if e
′′ = e0(
X
Par(e′′) − lb (g
′)
)
δe0,e′ − δe0,e′′Qe′′,e′ (g) ∈ I0 otherwise
.
If e′ ∈ P (Γ (e)) then ∆0,e′ (g) redues to S
{e}
e0 (lb (e))Qe0,e′ (g) ∈ I0 modulo Je. If e
′′ ∈
AnΓ (e
′) then either e′′ = e0 and ∆e0,e′ (g) redues to Qe0,e′ (g) ∈ I0 modulo Je, or e
′′ 6= e0
and ∆e′′,e′ (g) ∈ I0. This proves that (Je, Ig) = (Je, I0). 
The following proposition ompletes the proof of theorem 2.1.
Proposition 2.11. The ber q−1g (z0) of qg : Vg → Z is nonempty and redued, onsisting of
the disjoint union of urves Ce ≃ Spe
(
C
[
X
Par(e)
])
, e ∈ Leaves (Γ), with dening ideals
Ig (e) =
(
Ig, h,
(
X
Par
k+1(e) − lb
(
Par
k−1 (e)
))
1≤k≤ne
)
⊂ A [Γ] .
Proof. We proeed by indution on the height h (Γ) of Γ. If h (Γ) = 0 then Vg = Spe (A [X0])
and q−1g (z0) ≃ Spe (C [X0]) is redued. Otherwise, if Child (e0) 6= ∅ then lemma 2.8 implies
that
q−1g (z0) ≃ Spe (A [Γ] / (h, Ig)) ≃
⊔
e′∈Child(e0)
Spe
(
A
[
Γ
(
e′
)]
/
(
h, Ig(e′)
))
deomposes as the disjoint union of urves De′ isomorphi to the bers q
−1
g(e′) (z0) of qg(e′) :
Vg(e′) → Z, e
′ ∈ Child (e0). Sine Γ (e
′) has height h (Γ) − 1, these bers are nonempty and
redued, whene q−1g (z0) is. In view of the isomorphism (2.2), the desription of the irreduible
omponents of q−1g (z0) follows easily by indution. 
Corollary 2.12. For every ne-labelled rooted tree g, the surfae Vg is nonsingular.
Proof. Indeed qg : Vg → Z is a at morphism with regular geometri bers, hene a smooth
morphism. Thus Vg is regular as Z ≃ A
1
C
is. 
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3. Embeddings of GDS's in affine spaes
In this setion, we onsider GDS's q : V → Z = Spe (A) suh that q−1 (z) is integral for
every z ∈ Z∗. We prove the following result.
Theorem 3.1. Every GDS q : V → Z is Z-isomorphi to a GDS qg : Vg → Z for a ertain
ne-labelled rooted tree g = (Γ, lb).
The proof divides as follows. In the rst subsetion we reall [5℄ how to attah a weighted
rooted tree γ = (Γ, w) to a pair
(
q : V → Z, φ : V → A1Z
)
onsisting of a GDS q : V → Z and a
Z-morphism φ : V → A1Z restriting to an isomorphism over Z∗. In turn, this weighted rooted
tree γ denes a GDS qγ :Wγ → Z whih is Z-isomorphi to V . In the seond subsetion, given
a weighted rooted tree γ = (Γ, w) we onstrut a ne-labelled tree gw = (Γ, lbw) with the same
underlying tree Γ and a losed embedding iγ : Wγ →֒ Spe (A [Γ]) induing a Z-isomorphism
ψγ :Wγ
∼
→ Vgw .
From GDS's to weighted rooted trees.
In this subsetion, we freely use the desription of GDS's given in [5℄. We reall without proof
how to assoiate a weighted rooted tree γ = (Γ, w) to a GDS q : V → Z. We also reall how
suh a weighted rooted tree γ denes a GDS qγ : Wγ → Z whih omes equipped with a
anonial Z-morphism φγ,0 :Wγ → A
1
Z restriting to an isomorphism over Z∗.
3.2. Given a GDS q : V = Spe (B) → Z, q restrits to the trivial line bundle over Z∗ =
Spe (Ah). Sine q is at, we an nd an isomorphism Ah [T ] ≃ B⊗AAh whih extends to an
injetion A [T ] →֒ B. The orresponding Z-morphism φ0 : V → A
1
Z = Spe (A [T ]) restrits to
an isomorphism over Z∗. This data determines a weighted rooted tree γ = (Γ, w) as follows.
3.3. If φ0 : V → A
1
Z is an isomorphism then we let γ be the trivial tree with one element e0.
Otherwise, φ0 is onstant on the irreduible omponents C1, . . . , Cr of the ber q
−1 (z0), and
the open subsets
Vi =
(
V \ q−1 (z0)
)
∪ Ci 1 ≤ i ≤ r
are Z-isomorphi to A1Z . Therefore, there exist ni ≥ 1, a polynomial σi ∈ A = C [h] of degree
degh (σi) < ni and an isomorphism τi : H
0 (Z, q∗OVi)
∼
→ A [Ti] suh that φ0 |Vi is indued by
the polynomial hniTi + σi ∈ A [Ti], 1 ≤ i ≤ r. Note that over Z∗, the transition isomorphism
τj ◦ τ
−1
i is given by the Ah-algebras isomorphism
Ah [Ti]
∼
→ Ah [Tj ] , Ti 7→ h
nj−niTj + h
−ni (σj − σi)
(ompare with [3℄ and [6℄). Letting
σi =
ni−1∑
k=0
wi,kh
k ∈ C [h] = A, 1 ≤ i ≤ r,
we onsider the hains (Ci, wi) = {ei,0 < ei,1 < · · · < ei,ni} with the weights
wi ([ei,k, ei,k+1]) = wi,k 1 ≤ i ≤ r, 0 ≤ k ≤ ni − 1.
Sine q : V → Z is ane, proposition 2.6 in [5℄ implies that nij = ordz0 (σj − σi) <
min (ni, nj). Consequently, there exist isomorphisms of weighted subhain
θij : Cij =
(
↓ ei,nij
)
Ci
∼
→ Cji =
(
↓ ej,nij
)
Cj
i 6= j, 1 ≤ i, j ≤ r,
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and a unique weighted rooted tree γ = (Γ, w) with the leaves fi, together with isomorphisms
of weighted hains θi : (Ci, wi) ≃ (↓ fi)Γ, 1 ≤ i ≤ r, suh that θi = θj ◦ θij on Cij (see [5,
Proposition 1.12℄).
3.4. Starting with a weighted rooted tree γ = (Γ, w), we onstrut a GDS qγ : Wγ → Z as
follows. If Γ is the trivial tree with one element e0 then we let Wγ = Spe (A [X0]) ≃ A
1
Z
and qγ = prZ . Otherwise, we let r (γ) = Card (Leaves (Γ)) ≥ 1, and we onsider the maximal
hains
(3.1) (↓ f)Γ =
{
ef,0 = e0 < ef,1 < · · · < ef,nf−1 < ef,nf = f
}
, f ∈ Leaves (Γ) .
The presheme πγ : Xγ → Z obtained from Z by replaing the losed point z0 by r (γ) points
xf , f ∈ Leaves (Γ), admits a overing Uγ by the open subsets Xf = π
−1
γ (Z∗) ∪ {xf} ≃ Z,
f ∈ Leaves (Γ). Moreover Xff ′ = Xf ∩Xf ′ ≃ Z∗ for every two dierent leaves f and f
′
. We
let Lγ be the sub-OX -module of K (Xγ) generated by (h ◦ πγ)
−nf
on Xf , f ∈ Leaves (Γ), and
we denote by sγ ∈ Γ (X,Lγ) the anonial setion of Lγ orresponding to the onstant setion
1 of K (Xγ). We let σ (γ) = {σf (γ)}f∈Leaves(Γ) ∈ C
0
(
Uγ ,OXγ
)
be the 0-ohain dened by
σf (γ) =
nf−1∑
j=0
w ([ef,j , ef,j+1])h
j ∈ A ≃ H0
(
Xf ,OXγ
)
, f ∈ Leaves (Γ) .
Sine sγ does not vanish on Xff ′ ≃ Z∗, f 6= f
′
, f, f ′ ∈ Leaves (Γ), there exists a unique Cˇeh
1-oyle
{
gff ′
}
f,f ′∈Leaves(Γ)
∈ C1
(
Uγ ,L
∨
γ
)
suh that
gff ′ ◦ sγ = σf ′ (γ) |Xff ′ −σf (γ) |Xff ′ , f 6= f
′, f, f ′ ∈ Leaves (Γ) .
3.5. Now there exists a unique quasioherent OXγ -algebra Aγ , together with isomorphisms
τf : Aγ |Xf
∼
→ S
(
Lγ |Xf
)
, f ∈ Leaves (Γ), suh that over the overlaps Xff ′ , the OXff ′ -algebras
isomorphisms τf ′ ◦ τ
−1
f : S
(
Lγ |Xff ′
)
∼
→ S
(
Lγ |Xff ′
)
are indued by the OXff ′ -modules
homomorphisms
(3.2)
(
gff ′ , Id
)
: Lγ |Xff ′→ OXff ′ ⊕ Lγ |Xff ′⊂ S
(
Lγ |Xff ′
)
.
By theorem 3.3 in [5℄, the morphism
qγ = πγ ◦ ργ : Wγ = Spec (Aγ)
ργ
→ Xγ
piγ
→ Z
is a GDS over Z. It restrits to the trivial line bundle over Z∗, whereas q
−1
γ (z0) is the disjoint
union of the urves Cf = ρ
−1
γ (xf ) ≃ A
1
C
, f ∈ Leaves (Γ).
3.6. ThisGDS qγ :Wγ → Z omes equipped with the anonial setion φγ,0 ∈ H
0
(
Z, (qγ)∗OWγ
)
whose restrition to Wγ |Xf , f ∈ Leaves (Γ), is simply given by
φγ,0 |Xf=
(
σf (γ) , sγ |Xf
)
∈ H0 (Xf ,Aγ) ≃ H
0 (Xf ,S (Lγ)) .
Sine sγdoes not vanish on π
−1
γ (Z∗) ⊂ Xγ , the orresponding Z-morphism φγ,0 : Wγ → A
1
Z
restrits to an isomorphism over Z∗. If γ is obtained from a pair
(
q : V → Z, φ : V → A1Z
)
by
the proedure desribed in 3.3 then, by onstrution, there exists a Z-isomorphism ψ : V
∼
→
Wγ suh that φ0 = φγ,0 ◦ ψ. This leads to the following result.
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Theorem 3.7. [5, Theorem 5.1℄ For every GDS q : V → Z there exists a weighted rooted tree
γ = (Γ, w) and a Z-isomorphism ψ : V
∼
→ Wγ.
Example 3.8. The nonsingular surfae V ⊂ Spe (C [x, y, z]) with equation
x2z = y2 − 2xy − 1
is a GDS over Z = Spe (C [x]) for the morphism prx : V → Spe (C [x]). Letting z0 = (x) ∈
Z, we get V ×Z Z∗ ≃ Spe
(
C
[
x, x−1
]
[y]
)
, whereas pr−1x (z0) is the disjoint union of urves
C1 = {x = 0, y = 1} ∩ V and C2 = {x = 0, y = −1} ∩ V.
isomorphi to A1
C
= Spe (C [z]). The projetion prx,y : V → A
1
Z = Spe (C [x] [y]) is a
birational Z-morphism restriting to an isomorphism over Z∗. The rational funtions T1 =
x−2 (y − 1)− x−1 and T2 = x
−2 (y + 1)− x−1 on V indue Z-isomorphisms(
V \ pr−1x (z0)
)
∪ C1 ≃ Spe (C [x] [T1]) and
(
V \ pr−1x (z0)
)
∪C2 ≃ Spe (C [x] [T2])
Therefore, the pair
(
prx : V → Z, prx,y : V → A
1
Z
)
orresponds to the following weighted rooted
tree
γ = •
• •
• •
e0
e1
e2
f2
f11
−1
1
1
Embedding of a GDS Wγ in an ane spae.
Given a GDS qγ : Wγ → Z dened by a weighted rooted tree γ = (Γ, w), we onstrut in
3.9-3.17 below a ne-labelled tree g = (Γ, lbw) with the same underlying rooted tree Γ, and a
olletion of regular funtions(
φγ,0, (φγ,e)e∈P(Γ)
)
∈ Bγ = H
0
(
Z, (qγ)∗OWγ
)
dening a losed embedding iγ :Wγ →֒ A
d(Γ)+1
Z = Spe (A [Γ]) with image Vgw .
3.9. Consider the anonial setion φγ,0 ∈ Bγ dened in 3.6. If Γ is the trivial tree with one
element e0 then
Wγ ≃ Spe (A [φγ,0]) ≃ Spe (A [Γ]) .
Otherwise, for every f ∈ Leaves (Γ), the multipliation by hnf gives rise to an OXf -modules
isomorphism Lγ |Xf
∼
→ OXf , whene to an A-algebras isomorphism τf : H
0 (Xf ,Aγ)
∼
−→ A [T ]
suh that
τf (φγ,0) = h
nfT + σf (γ) =
nf∑
k=0
wf,kh
k ∈ A [T ] ,(3.3)
where wf,nf = T . Sine nf ≥ 1, we dedue that φγ,0 is loally onstant on q
−1
γ (z0), with the
value wf,0 ∈ C on Cf = ρ
−1
γ (xf ) ≃ Spe (C [T ]). For every e ∈ N (Γ), we let
F (e) =
⋃
f∈Leaves(Γ(e))
Cf ⊂ q
−1
γ (z0).
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In partiular, F (e0) = q
−1
γ (z0) and F (f) = Cf for every f ∈ Leaves (Γ). We have the
following result.
Proposition 3.10. If h (Γ) ≥ 1 then there exists a ne-labelled rooted tree gw = (Γ, lbw) with
underlying tree Γ, and a olletion of regular funtions φγ,Par(e0) = φγ,0,φγ,e ∈ Bγ, e ∈ P (Γ),
suh that the following hold.
1) For every e ∈ P (Γ) with (↓ e)Γ = {e0 < e1 < · · · < en = e},
φγ,e = h
−1Qe (gw)
(
φγ,0, φγ,e0 , . . . , φγ,en−1
)
.
2) Letting Child (e) = {g1, . . . , gr}, φγ,Par(e) is onstant on F (gi) with the value lbw (gi) ∈ C
whereas φγ,e restrits to a oordinate funtion on Cg ⊂ q
−1
γ (z0) for every g ∈ Child (e) ∩
Leaves (Γ).
3.11. Starting with φγ,0, we onstrut by indution the labelling lbw : N (Γ) \ {e0} → C and
the regular funtions φγ,e, e ∈ P (Γ). More preisely, for every n ≤ h (Γ) in N (Γ), we dene
the labelling funtion lbw on Nn (Γ) in terms of the funtions φγ,e′ orresponding to nodes
e′ ∈ Nk (Γ), k ≤ n− 2. Then we dene the funtions φγ,e for nodes e ∈ Nn−1 (Γ) in terms of
those funtions φγ,e′ and the values of lbw on the nodes e
′′ ∈ Nk (Γ), k ≤ n.
3.12. Step 1. Given g ∈ Child (e0), we let
lbw (g) := φγ,0 |F (g)= wf,0,
where f is any leaf of Γ (g). This is well-dened as g = ef,1 for every suh leaf f (see (3.1)).
If g′ is another hild of e0 then there exists f
′ ∈ Leaves (Γ (g′)) suh that g′ = ef ′,1, and hene
lbw (g) = wf,0 6= wf ′,0 = lbw
(
g′
)
by denition 1.4. This denes the labelling funtion lbw on the nodes at level 1. Clearly,
φγ,e0 : = h
−1Qe0 (gw) (φγ,0) = h
−1
∏
g∈Child(e0)
(φγ,0 − lbw (g)) ∈ Bγ ⊗A Ah
is a regular funtion on Wγ . Letting
sg = S
{g}
e0 (gw) (lbw (g)) =
∏
g′∈Child(e0)\{g}
(
lbw (g)− lbw
(
g′
))
∈ C∗, g ∈ Child (e0) ,
we dedue from Taylor's Formula that for every f ∈ Leaves (Γ (g)) there exists P0 (g, f) ∈ A [T ]
suh that
τf (φγ,e0) = sgwf,1 + hP0 (g, f) ∈ A [T ] .
If g is a leaf of Γ then wg,1 = T (see (3.3)) and so, φγ,e0 restrits to a oordinate funtion on
Cg ⊂ q
−1
γ (z0). Thus (1)-(2) hold for e0 ∈ N (Γ).
3.13. Step 2. To dene lbw on the nodes at level 2, we proeed as follows. Given g
′ ∈ Child (g),
φγ,e0 is onstant on F (g
′) ⊂ q−1γ (z0) with the value
lbw
(
g′
)
:= sgwf,1 ∈ C,
where f is any leaf of Γ (g′). Given another hild g′′ of g and a leaf f ′ of Γ (g′′), g = ef,1 = ef ′,1
is the rst ommon anestor of f and f ′. Thus ef,2 6= ef ′,2, whene wf,1 6= wf ′,1 as γ is a
weighted rooted tree. Sine sg ∈ C
∗
we dedue that lbw (g
′) 6= lbw (g
′′). This denes the
labelling funtion lbw on the nodes at level 2.
EMBEDDINGS OF GENERALIZED DANIELEWSKI SURFACES IN AFFINE SPACES 15
Suppose that the labelling lbw has been dened for every node e at level k ≤ n + 1 and that
for every e ∈ P (Γ) ∩ Nn (Γ) with (↓ e) = {e0 < e1 < · · · < en = e}, the regular funtions
φei ∈ Bγ , 0 ≤ i ≤ n − 1 have been onstruted, satisfying (1) and (2) of proposition 3.10.
Sine lbw is dened on Nk (Γ), k ≤ n+ 1, the polynomial Qe (gw) ∈ C
[
X0,Xe0 , . . . ,Xen−1
]
is
well-dened (see 1.9). We have the following result.
Lemma 3.14. If e is not a leaf of Γ then
φγ,en = h
−1Qe (gw)
(
φγ,0, φγ,e0 , . . . , φγ,en−1
)
∈ Bγ ⊗A Ah
is a regular funtion on Wγ satisfying (1)-(2) in proposition 3.10.
Proof. In view of the denition of the funtions φγ,ei , 0 ≤ i ≤ n− 1, we dedue from Taylor's
Formula that for every g ∈ Child (e) and every f ∈ Leaves (Γ (g)), there exists Pn−1 (g, f) ∈
A [T ] suh that
τf
(
φγ,en−1
)
= lbw (g)+
(
n−1∏
i=0
sn−1−iei wf,n+1 +Qn−1,g (wf,0, . . . , wf,n)
)
h+h2Pn−1 (g, f) ∈ A [T ] ,
where Qn−1,g ∈ C [Y0, . . . , Yn] is independent on the hoie of a leaf f of Γ (g) and
sei = S
{ei+1}
ei (gw) (lbw (ei+1)) ∈ C
∗, 1 ≤ i ≤ n− 1.
By denition,
φγ,en = h
−1Sen (gw)
(
φγ,en−1
) n−1∏
i=0
S
{ei+1}
ei (gw)
(
φγ,ei−1
)
∈ Bγ ⊗A Ah
and φγ,ei−1 |C(f)= lbw (ei+1), 0 ≤ i ≤ n. Again, Taylor's Formula implies that there exists
Pn (g, f) ∈ A [T ] suh that
(3.4) τf (φγ,en) = (λgwf,n+1 + µg) + hPn (g, f) ∈ A [T ] ,
where 

λg = S
{g}
en (gw) (lbw (g))
(
n−1∏
i=0
sn−iei
)
∈ C∗,
µg = S
{g}
en (gw) (lbw (g))
(
n−1∏
i=0
sei
)
Qn−1,g (wf,0, . . . , wf,n) ∈ C.
Thus φγ,en is regular on Wγ |Xf for every f ∈ Leaves (Γ (en)). Given f
′ ∈ Leaves (Γ) \
Leaves (Γ (en)), there exists an indie k ≤ n − 1 suh that ek is the rst ommon anestor
of f ′ and en. Letting e
′ = Child (ek) ∩ (↓ f
′),
(
Xek−1 − lbw (e
′)
)
divides Qen (gw) and so,
τf ′
(
φγ,ek−1 − lbw (e
′)
)
∈ hA [T ]. In turn, this implies that τf ′ (φγ,en) ∈ A [T ]. Thus φγ,en is a
regular funtion on Wγ . If g ∈ Child (en) is a leaf of Γ then wg,n+1 = T (see (3.3)) and so,
φγ,en restrits to a oordinate funtion on Cg ⊂ q
−1
γ (z0). 
3.15. Consider the regular funtion φγ,en onstruted above. Given g ∈ Child (en)\Leaves (Γ)
and g′ ∈ Child (g), we dedue from (3.4) that φγ,en is onstant on F (g
′) ⊂ q−1γ (z0) with the
value
(3.5) lbw
(
g′
)
:= λgwf,n+1 + µg,
where f is any leaf of Γ (g′). Sine neither λg nor µg depend on the hoie of f ∈ Leaves (Γ (g)),
the same argument as in 3.12 shows that lbw (g
′) 6= lbw (g
′′) for every two distint hildren g′
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and g′′ of g. In this way, we dene the labelling funtion lbw on the nodes of Γ at level n+2.
Now the proof of proposition 3.10 an be ompleted by indution.
Remark 3.16. By onstrution, the labelling lbw : N (Γ) → C is uniquely determined by
the weight funtion w : E (Γ) → C. Conversely, sine lbw (e) = w ([e0, e]Γ) for every node
e ∈ N1 (Γ) (see 3.12), we dedue from (3.5) that the weight funtion w : E (Γ) → C an be
reursively reovered from the assoiated labelling lbw.
The following result ompletes the proof of theorem 3.1.
Theorem 3.17. For every GDS qγ : Wγ → Z = Spe (A) dened from a weighted rooted tree
γ = (Γ, w), the A-algebras homomorphism
A [Γ]→ Bγ ,
{
X0 7→ φγ,0
Xe 7→ φγ,e e ∈ P (Γ)
is surjetive, with kernel Igw . In other words, the funtions φγ,0, (φγ,e)e∈P(Γ) dene a losed
embedding iγ : Wγ →֒ A
d(Γ)+1
Z = Spe (A [Γ]) induing a Z-isomorphism ψγ : Wγ
∼
→ Vgw .
Proof. By onstrution, Wγ ×Z Z∗ ≃ Spe (Ah [φγ,0]). Given two dierent leaves f and f
′
of
Γ with rst ommon anestor e ∈ P (Γ), it follows from proposition 3.10 that φγ,Par(e) takes
distint values on the urves Cf and Cf ′ . Thus iγ separates the irreduible omponents of
q−1γ (z0). If f ∈ Leaves (Γ) then φγ,Par(f) restrits to a oordinate funtion on Cf . This proves
that iγ is a losed embedding of Z-shemes. By (1) in proposition 3.10, the relation
∆0,e (gw)
(
φγ,0, (φγ,e)e∈P(Γ)
)
= hφγ,e −Qe (gw)
(
φγ,0, (φγ,e)e∈P(Γ)
)
= 0
holds in Bγ for every e ∈ P (Γ). In turn, (1.5) implies that
h∆e′,e (gw)
(
φγ,0, (φγ,e)e∈P(Γ)
)
= 0
(
e, e′
)
∈ P (Γ)×AnΓ (e)
and so, ∆e′,e (gw)
(
φ0, (φe)e∈P(Γ)
)
= 0 as Bγ is an integral A-algebra. Sine iγ maps the
irreduible omponents of q−1γ (z0) bijetively on the irreduible omponents of q
−1
gw (z0) (see
proposition 2.11), we dedue that iγ indues a bijetive morphism ψγ : Wγ → Vgw . By virtue
of Zariski's Main Theorem, ψγ is an isomorphism as Vgw is nonsingular (see orollary 2.12),
whene normal. 
Example 3.18. We again onsider the surfae V ⊂ Spe (C [x, y, z]) with equation
x2z = y2 − 2xy − 1
introdued in example 3.8. Starting with the weighted rooted tree γ = (Γ, w) orresponding
to the pair (
prx : V → Z, prx,y : V → A
1
Z
)
,
the above proedure gives the following ne-labelled rooted tree
gw = (Γ, lbw) = •
• •
• •
e0
(e1, 1)
(e2,−1)
(f2,−2)
(f1, 2)
EMBEDDINGS OF GENERALIZED DANIELEWSKI SURFACES IN AFFINE SPACES 17
Thus Vgw ⊂ Spe (A [X0] [Xe0 ,Xe1 ,Xe2 ]) is the surfae with equations{
hXe0 =
(
X20 − 1
)
, hXe1 = (X0 + 1) (Xe0 − 2) , hXe2 = (X0 − 1) (Xe0 + 2)
(X0 − 1)Xe1 = Xe0 (Xe0 − 2) , (X0 + 1)Xe2 = Xe0 (Xe0 + 2)
.
This shows that in general, the embedding of a GDS V obtained by the above proedure is
not the best possible. However, note that the C-algebras homomorphism
A [X0,Xe0 ,Xe1 ,Xe2 ]→ C
[
x, x−1y, z
]
,


h 7→ x, X0 7→ y
Xe0 7→ xz + 2y
Xe1 7→ x
−1 (xz + 2y − 2) (y + 1)
Xe2 7→ x
−1 (xz + 2y + 2) (y − 1)
indues an isomorphism V
∼
→ Vg.
The following result is omplementary to proposition 3.10.
Proposition 3.19. For every GDS qg : Vg → Z dened by a ne-labelled rooted tree g =
(Γ, lb), the weighted tree γ assoiated to the pair
(
qg : Vg → Z, prX0 : Vg → A
1
Z
)
has the same
underlying tree Γ as g, and the GDS Vg is Z-isomorphi to Wγ via the losed embedding
iγ :Wγ →֒ A
d(Γ)+1
Z .
Proof. By onstrution of the embedding iγ : Wγ →֒ A
d(Γ)+1
Z , the anonial Z-morphism
φ0,γ : Wγ → A
1
Z fators as φγ,0 = prX0 ◦ iγ (see 3.17). So the statement follows from remark
3.16. 
4. Ga,Z-ations on GDS's over Z
In this subsetion we study Ga,Z -ations on a GDS q : V → Z. In view of the well known
orrespondene between algebrai Ga,Z -ations on V and loally nilpotent A-derivations of
the algebra B = H0 (Z, q∗OV ), this is the same as to study the set LNDA (B) of these loally
nilpotent derivations.
Ga,Z-ations on the GDS's qγ :Wγ → Z.
Here we reall following [5℄ the desription of Ga,Z -ations on a GDS qγ : Wγ → Z dened
from a weighted rooted tree γ = (Γ, w). By onstrution (see 3.4), the morphism qγ : Wγ → Z
fators through ργ : Wγ → Xγ , in suh a way that Wγ |Xf is isomorphi to the restrition of
the line bundle p : Lγ = Spec (S (Lγ))→ Xγ over Xf , f ∈ Leaves. This line bundle Lγ has a
natural struture of group sheme as it represents the group funtor(
Sch/Xγ
)
→ (Grp) ,
(
Y
f
→ Xγ
)
7→ H0
(
Y, f∗L∨γ
)
,
and Wγ omes naturally equipped with a left ation ξγ : Lγ×Xγ Wγ →Wγ making ργ : Wγ →
Xγ a prinipal homogeneous Lγ-bundle.
4.1. Every nonzero setion s ∈ H0
(
Xγ ,L
∨
γ
)
gives rise to a group homomorphism
φs : Ga,Xγ = Spec
(
OXγ [T ]
)
→ Lγ ,
whene to a nontrivial Ga,Xγ -ation µs = ξγ ◦ (φs × Id) on Wγ . By proposition 3.10 in [5℄,
every nontrivial Ga,Z -ation on qγ : Wγ → Z is indued by suh a nonzero setion s. Sine
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K (Xγ) ≃ K (Z) ≃ Fra (A),
H0
(
Xγ ,L
∨
γ
)
≃

g ∈ K (Xγ) ,div (g)−
∑
f∈Leaves(Γ)
nfxf ≥ 0

 ∪ {0}
and so, nonzero setions s ∈ H0
(
Xγ ,L
∨
γ
)
are in one-to-one orrespondene with regular
funtions hmg ∈ A, where m ≥ h (Γ) = max (nf )f∈Leaves(Γ) and g ∈ A \ hA.
Remark 4.2. Let s ∈ H0
(
Xγ ,L
∨
γ
)
be a nonzero setion orresponding to a regular funtion
hmg ∈ A. Over Xf , the multipliation by h
nf
indues an isomorphism of OXf -algebras
τf : Aγ |Xf
∼
→ OXf [U ] suh that the group o-ation orresponding to the restrition of the
Ga,Z-ation µs on Wγ |Xf is given by the OXf -algebras homomorphism
OXf [U ]→ OXf [U ]⊗OXf OXf [T ] , U 7→ U ⊗ 1 + h
m−nf g ⊗ T
In other words, the restrition of µs to Wγ |Xf is simply a translation, twisted by h
m−nf g.
We also reall the following useful result.
Proposition 4.3. ([5, Proposition 3.12℄) For a GDS qγ : Wγ → Z dened by a weighted
rooted tree γ = (Γ, w), the following are equivalent.
1) Wγ admits a free Ga,Z-ation.
2) All the leaves of Γ are at the same level.
3) The anonial sheaf ωWγ of Wγ is trivial.
Example 4.4. In [1℄ Bandman and Makar-Limanov proved that the anonial sheaf of the
surfae V of example 1.16 is not trivial by onstruting ertain expliit global holomorphi
2-forms on V . On the other hand, the ne-labelled tree g orresponding to this surfae has
leaves at levels 1 and 2. Therefore, propositions 3.19 and 4.3 implies the same result. This
shows in partiular that there is no free Ga,Z-ation on V (see also example 4.5 below).
Ga,Z-ations on the GDS's qg : Vg → Z.
In this subsetion, we prove that every Ga,Z -ation on a GDS qg : Vg → Z dened by a ne-
labelled rooted tree extends to a Ga,Z-ation on the ambient spae A
d(Γ)+1
Z = Spe (A [Γ]).
Example 4.5. The ne-labelled tree g of example 1.16 orresponds to the Bandman and
Makar-Limanov surfae V ⊂ Spe (A [X0,Xe0 ,Xe1 ]) with equations
hXe0 = X0
(
X20 − 1
)
, X0Xe1 −Xe0
(
X2e0 − 1
)
, hXe1 =
(
X20 − 1
) (
X2e0 − 1
)
.
Consider the following loally nilpotent A-derivation ∂ = ∂˜g,2 of A [Γ] given via{
∂ (X0) = h
2, ∂ (Xe0) = h
(
3X20 − 1
)
∂ (Xe1) = 2hX0
(
X2e0 − 1
)
+ 2
(
X20 − 1
) (
3X20 − 1
)
Xe0
.
In [1, p. 579℄, Bandman and Makar-Limanov proved that ∂ indues a loally nilpotent A-
derivation ∂g,2 of Bg. Note that orresponding Ga,Z-ation restrits to a free ation on the
omplement of the irreduible omponents
Cf1 = {h = 0,X0 = 1} ∩ V and Cf2 = {h = 0,X0 = −1} ∩ V
of q−1g (z0).
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More generally, the following proposition asserts that a GDS qg : Vg → Z admits anonial
Ga,Z-ations whih are the restritions to Vg of ertain Ga,Z -ations on A
d(Γ)+1
Z .
Proposition 4.6. For every m ≥ h (Γ), the A-derivation ∂˜g,m of Ah [Γ] dened reursively by
∂˜g,m = h
m ∂
∂X0
+ h−1
∑
e∈P(Γ)
∂˜g,m (Qe (g))
∂
∂Xe
restrits to a triangular derivation of A [Γ]. It indues a loally nilpotent A-derivation ∂g,m of
the A-algebra Bg = A [Γ] /Ig.
Proof. Given a node e ∈ P (Γ) at level k < h (Γ), Qe (g) only involves the variables X0 and
Xe′ , e
′ ∈ An (e) (see denition 1.9). We onlude reursively that
∂˜g,m (Xe) = h
−1
∑
e′∈An(e)∪{0}
∂Qe (g)
∂Xe′
∂˜g,m (Xe′) ∈ h
m−k−1A
[
X0, (Xe′)e′∈An(e)
]
.
Thus ∂˜g,m restrits to a triangular A-derivation of A [Γ] as m ≥ h (Γ). By onstrution, ∂˜g,m
annihilates ∆0,e (g) for every e ∈ P (Γ). Given (e, e
′) ∈ P (Γ)×An (e), we dedue from (1.5)
that
h∂˜g,m
(
∆e′,e (g)
)
= ∂˜g,m
(
h∆e′,e (g)
)
∈ Ig.
Sine Bg is an integral A-algebra, we onlude that ∂˜g,m
(
∆e′,e (g)
)
∈ Ig for otherwise h is a
zero divisor in Bg. Thus ∂˜g,m (Ig) ⊂ Ig and so, ∂˜g,m indues a loally nilpotent A-derivation
∂g,mon Bg. 
In [6℄, Fieseler exploited the vetor eld assoiated to a C+-ation to introdue the onept
of xed point order of a C+-ation along an invariant subsheme. Here we give an equivalent
denition in terms of loally nilpotent derivations.
Denition 4.7. Let V = Spe (B) be an integral ane sheme over a eld k of harateristi
0. Given a nontrivial Ga,k-ation α : Ga,k × V → V orresponding to a loally nilpotent
derivation ∂ ∈ LNDk (B) and an invariant subsheme Y ⊂ V with dening ideal IY ⊂ B, the
xed point order µ (α, Y ) of α along Y is the maximal number n ≥ 0 suh that ∂ (B) ⊂ InYB.
We have the following result.
Lemma 4.8. For every m ≥ h (Γ) the Ga,Z-ation αg,m on Vg orresponding to the derivation
∂g,m restrits to a free ation on Vg ×Z Z∗. It has xed point order µ (αg,m, Ce) = m − ne
along an irreduible omponent Ce ⊂ q
−1
g (z0) orresponding to a leaf e of Γ at level ne.
Proof. Clearly, αg,m restrits to a free ation on Vg ×Z Z∗ ≃ Spe (Ah [X0]) (see 2.4) as
∂˜g,m (X0) = h
m
. With the notation of (1.1), the ideal I˜g (e) ⊂ Bg = A [Γ] /Ig of the urve Ce
is generated by the image of the ideal
Ig (e) =
(
Ig, h,X0 − lb (e1) , . . . ,Xene−2 − lb (ene)
)
⊂ A [Γ]
in Bg (see proposition 2.11). By denition of ∂˜g,m ,
∂˜g,m
(
h,Xe0 , . . . ,Xene−1
)
⊂ Im−neg (e) \ I
m−ne+1
g (e) .
For e′ ∈ P (Γ) \ (↓ e) there exists an indie k, 0 ≤ k ≤ ne− 1 suh that ek is the rst ommon
anestor of e′ and e. Letting e” = Child (ek) ∩ (↓ e
′), we have Qe′ = Re′′Qek,e′ , where Qek,e′
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only involves the variables orresponding to nodes in [ek,Par (e
′)]Γ. Sine
(
Xek−1 − lb (ek+1)
)
divides Re′′ we onlude by indution that
∂˜g,m (Xe′) = h
−1∂˜g,m (Qe′) ∈ I
m−k−1
g (e) ⊂ I
m−ne
g (e) .
Thus ∂g,m (Bg) ⊂ I˜
m−ne
g (e) \ I˜
m−ne−1
g (e) and so, µ (αg,m, Ce) = m− ne. 
This leads to the following desription.
Theorem 4.9. Every nontrivial Ga,Z-ation on a GDS qg : Vg → Z is indued by a loally
nilpotent derivation g∂g,m of Bg, where m ≥ h (Γ) and g ∈ A \ hA.
Proof. Sine A is ontained in the kernel of ∂g,m, g∂g,m is again loally nilpotent, whene
indues a nontrivial Ga,Z -ation α on Vg. For every e ∈ Leaves (Γ), the open subset
Ve =
(
Vg \ q
−1
g (z0)
)
∪ Ce
is Z-isomorphi to A1Z = Spe (A [U ]) (see 3.3). By lemma 4.8, µ (α,Ce) = m − ne , where
ne = l (↓ e). We onlude similarly that µ
(
α, q−1g (z)
)
= ordz (g) for every z ∈ Z∗. Letting
Ga,Z = Spe (A [T ]), this means that the group o-ation orresponding to the restrition of
α to Vf is given by the A-algebras homomorphism
A [U ]→ A [U ]⊗A A [T ] , U 7→ U ⊗ 1 + h
m−neg ⊗ T.
By proposition 3.19, the GDS qγ : Wγ → Z dened by the weighted rooted tree γ = (Γ, w)
orresponding to the pair
(
qg : Vg → Z, prX0 : Vg → A
1
Z
)
is isomorphi to Vg via the open
embedding iγ : Wγ →֒ Spe (A [Γ]). We dedue from remark 4.2 that this isomorphism is
equivariant when we equip Vg with α and Wγ with the ation µs orresponding to h
mg ∈ A
(see 4.1). Sine every nontrivial Ga,Z -ation on Wγ is of the form µs for some setion s ∈
H0
(
Xγ ,L
∨
γ
)
orresponding to a regular funtion hmg ∈ A, where m ≥ h (Γ) and g ∈ A \ hA,
we onlude that every Ga,Z-ation on Vg is indued by a loally nilpotent derivation g∂g,m
for some g ∈ A \ hA. 
As a onsequene of theorems 3.1 and 4.9, we obtain the following result.
Corollary 4.10. Any GDS q : V → Z an be embedded into an ane spae ANZ in suh a
way that every Ga,Z-ation on V extends to a Ga,Z-ation on A
N
Z .
5. GDS's with a trivial Makar-Limanov invariant
In this setion we haraterize GDS's qg : Vg → Z with a trivial Makar-Limanov invariant.
By theorem 7.7 in [5℄, every normal ane surfae S with a trivial Makar-Limanov invariant
is a yli quotient of a GDS V . In ase that S is a log Q-homology planes with a trivial
Makar-Limanov invariant, we onstrut this GDS V and the yli group ation expliitly.
Embeddings of GDS's with a trivial Makar-Limanov invariant.
We reall that an (oriented) omb of height n is a rooted tree Γ suh that for every node
e ∈ N (Γ) \ Leaves (Γ) of degree degΓ (e) ≥ 1, all but possibly one of the hildren of e are
leaves of Γ. This means equivalently that
(5.1) CΓ = (N (Γ) \ Leaves (Γ)) = {e0 < . . . < en−1}
is either empty or a hain of length n− 1.
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• • • • • •
•
•
•
•
•
•
•
•
•
e0
A omb rooted in e0.
We have the following result.
Theorem 5.1. A GDS qg : Vg → Z has a trivial Makar-Limanov invariant if and only if
g = (Γ, lb) is a ne-labelled omb.
Proof. By proposition 3.19, Vg is Z-isomorphi to the GDS qγ : Wγ → Z dened by the
weighted rooted tree γ orresponding to the pair
(
qg : Vg → Z, prX0 : Vg → A
1
Z
)
. Sine γ has
the same underlying tree Γ as g, the statement follows from theorem 7.2 in [5℄ whih asserts
that a GDS qγ : Wγ → Z has a trivial Makar-Limanov invariant if and only if Γ is a omb. 
5.2. Given a nontrivial ne-labelled omb g = (Γ, lb) of height n, the ideal Ig ⊂ A [Γ] =
A [X0]
[
Xe0 , . . . ,Xen−1
]
of Vg is generated by the polynomials
(5.2)
{
∆0,ei (g) = hXei −Qei (g) 0 ≤ i ≤ n− 1
∆ej ,ei (g) =
(
Xej−1 − lb (ej+1)
)
Xei −XejQej,ei (g) 0 ≤ j < i ≤ n− 1,
These equations an be put in the following more onvenient form. Letting
Pi (T ) = (T − λi,1) P˜i (T ) = (T − lb (ei))S
{ei}
ei−1 (g) (T ) ∈ C [T ] , 1 ≤ i ≤ n,
it is easily seen that Vg is isomorphi to the surfae
VP1,...,Pn ⊂ A
n+2
C
= Spe (C [x] [y1, . . . , yn+1])
with equations

xyi+1 =
(
i−1∏
k=1
P˜k (yk)
)
Pi (yi) 1 ≤ i ≤ n
(yj−1 − λj−1,1) yi+1 = yj

i−1∏
k=j
P˜k (yk)

Pi (yi) 2 ≤ j ≤ i ≤ n
,
where, by onvention,
i−1∏
k=j
P˜k (yk) = 1 if i = j . In partiular, if g is a ne-labelled omb of
height 1 then Vg is the ordinary Danielewski surfae with equation xy2 − P1 (y1) = 0.
Remark 5.3. Note that for every olletion of nononstant polynomials P1, . . . , Pn with simple
roots, the surfae V = VP1,...,Pn admits two natural A
1
-brations prx : V → Spe (C [x]) and
pryn+1 : V → Spe (C [yn+1]). By onstrution prx : V → Spe (C [x]) is a GDS over Z.
However, it may happen that pryn+1 : V → Spe (C [yn+1]) is a not a GDS, due to the fat
that the ber pr−1yn+1 (0) is not redued (see example 5.5 below)
Proposition 4.3 implies the following result due to Bandman and Makar-Limanov [1, Theorem
3℄.
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Theorem 5.4. For a GDS q : V → Z with a trivial Makar-Limanov invariant, the following
are equivalent.
1) V admits a free Ga,Z-ation.
2) The anonial sheaf ωV of V is trivial.
3) V is isomorphi to an ordinary Danielewski surfae VP,1 ⊂ A
3
C
= Spe (C [x, y, z]) with
the equation xz − P (y) = 0 for a ertain nononstant polynomial P with simple roots.
Proof. By virtue of proposition 4.3, (1) and (2) are equivalent. Clearly, (3)⇒(2). So it remains
to show that (2)⇒(3). By theorem 3.1, there exists a ne-labelled rooted tree g = (Γ, lb) and
a Z-isomorphism ψ : V
∼
→ Vg. By theorem 5.4, g is a omb as V has a trivial Makar-Limanov
invariant. Sine ωV is trivial, proposition 4.3 implies that all the leaves of Γ are at the same
level n ≥ 0. Therefore Γ has the following struture:
• • • • •
•
•
•
•
e0 en−1
n
If n = 0 then Vg ≃ A
1
Z = Spe (A [X0]). Otherwise, letting Xe−1 = X0, equations (5.2)
simplify as {
hXei = Xei−1 − lb (ei+1) 0 ≤ i ≤ n− 2
hXen−1 =
∏
f∈Child(en−1)
(
Xen−2 − lb (f)
) ,
and so, the statement follows. 
By [8℄, any two free C+-ations on an ordinary Danielewski surfae V ⊂ Spe (C (x, y, z)) with
equation xz−P (y) = 0 are onjugated under the ation of the automorphism group Aut (V )
of V . In partiular, every two A1-brations q : V → Z and q˜ : V → Z˜ are onjugated, in the
sense that there exists an isomorphism θ¯ : Z
∼
→ Z˜ and an automorphism θ : V
∼
→ V of V suh
that θ¯ ◦ q = q˜ ◦ θ. In [2℄, Daigle and Russel give examples of nononjugated A1-brations on
a log Q-homology plane with a trivial Makar-Limanov invariant. In ase that q : V → Z is a
GDS, the following example shows that there may also exist nononjugated A1-brations on
V .
Example 5.5. By example 1.16, the Bandman and Makar-Limanov surfae V ⊂ Spe (C [x, y, z, u])
with equations
xz = y
(
y2 − 1
)
, yu = z
(
z2 − 1
)
, xu =
(
y2 − 1
) (
z2 − 1
)
is a GDS via prx : V → Z = Spe (C [x]). It is also a GDS via pru : V → Z˜ = Spe (C [u]).
The C-algebra involution
C [x, u] [y, z]→ C [x, u] [y, z] , x↔ u, y ↔ z,
indues an automorphism θ : V
∼
→ V . Letting θ¯ : Z
∼
→ Z˜ be the isomorphism orresponding
to the indued isomorphism C [u]
∼
→ C [x], we onlude that θ¯ ◦ prx = pru ◦ θ.
Similarly, the surfae V ′ ⊂ C [x, y, z, u] with equations
xz = y (y − 1) , yu = z2, xu = (y − 1) z
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is a GDS prx : V
′ → Z = Spe (C [x]). The natural seond A1-bration pru : V
′ → Z˜ restrits
to the trivial line bundle over Z˜ \ {0} but the ber
pr−1u (0) ≃ Spe
(
C [x, y, z] /
(
z2, (y − 1) z, xz − y (y − 1)
))
is not redued. Therefore, there is no automorphism θ : V ′
∼
→ V ′ satisfying θ¯ ◦ prx = pru ◦ θ.
Log Q-homology planes with a trivial Makar-Limanov invariant.
A log Q-homology plane is a normal ane surfae S with log-terminal singularities and with
vanishing singular homology groups Hi (S,Q) for all i > 0. In this subsetion we prove the
following result (ompare with [11, Theorem 3.4℄).
Theorem 5.6. Every log Q-homology plane S 6≃ A2
C
with a trivial Makar-Limanov invariant
is isomorphi to the quotient of an ordinary Danielewski surfae V ⊂ Spe (C [x, t, z]) with
equation xz = tn − 1 by a Zm-ation (x, t, z) 7→
(
εx, εqt, ε−1z
)
, where ε is a primitive m-th
root of unity, n divides m and gcd (q,m/n) = 1.
The proof is given in 5.7-5.8 below. Sine S has a trivial Makar-Limanov invariant, it admits
an A1-bration ρ : S → Y ≃ Spe (C [y]) suh that all but possibly one losed ber, say
ρ−1 (y0), where y0 = (y) ∈ Y , are isomorphi to A
1
C
(see e.g. [4, Proposition 2.15℄). In turn,
lemma 1.2 in [6℄ and [5, 2.5℄ imply that ρ restrits to a trivial line bundle over Y∗ = Y \ {y0}.
By Theorem 4.3.1 in [10℄ p.231, ρ−1 (y0) = mC, where m ≥ 1 and C ≃ A
1
C
. In partiular,
there exists k, 0 ≤ k ≤ m−1, suh that the anonial sheaf ωS of S is isomorphi to OS (kC).
5.7. If m = 1 then S ≃ A1Y (see e.g. [10, Theorem 4.3.1 p.231℄). Otherwise, if m ≥ 2 then
we let θ : Z ≃ A1
C
→ Y be a Galois overing of order m, unramied over Y∗ and totally
ramied over y0. Up to an isomorphism, we an suppose that θ is indued by the C-algebras
homomorphism θ∗ : C [y] → C [x, y] / (xm − y) ≃ C [x], where the Galois group Zm of m-
th roots of unity ats on C [x, y] via ε · f (x, y) = f
(
ε−1x, y
)
. The group Zm ats on the
normalization V of the ber produt S ×Y Z and S ≃ V/Zm. This surfae V inherits an
A1-bration q : V → Z with redued bers, indued by the projetion prZ : S ×Y Z → Z.
Letting z0 = (x) ∈ Z, the group Zm ats transitively on the set of irreduible omponents
C1, . . . , Cn of q
−1 (z0), where n divides m (see e.g. [6, Theorem 1.7℄). Sine ρ : S → Y
restrits to a trivial line bundle over Y∗, we onlude that q : V → Z restrits to a trivial line
bundle over Z∗ = Z \ {z0} and so, q : V → Z is a GDS over Z. By onstrution, the quotient
morphism φ : V → S is étale over Sreg, whene is étale in odimension 1 as S is normal.
Thus the anonial sheaf ωV of V is isomorphi to φ
∗ (ωS) ≃ q
∗ (OZ (kz0)), hene is trivial.
Moreover, we dedue from [12℄ that the Makar-Limanov invariant of V is trivial.
5.8. By theorem 5.4, V is isomorphi to an ordinary Danielewski surfae VP,1 ⊂ Spe (C [x, t, z])
with the equation xz − P (t) = 0 for a ertain nononstant polynomial P with n simple roots
t1, . . . , tn ∈ C. Sine Zm ats transitively on the set of irreduible omponents of q
−1 (z0)
and t is loally onstant on q−1 (z0) with the value ti on Ci, 1 ≤ i ≤ n, we an suppose
that ti+1 = ε
qti where ε is a primitive m-th root of unity and gcd (q,m/n) = 1. Up to an
isomorphism, we an further suppose that t1 = 1 (see e.g. [8℄). The anonial morphism
prx,t : V → A
2
C
= Spe (C [x, t]) expresses V as the ane modiation [7℄ of A2
C
with the
lous (I, f) = ((x, P (t)) , x). Clearly, prx,t is Zm-equivariant when we equip A
2
C
with the Zm-
ation (x, t) 7→ (εx, εqt). As Γ (V,OV ) ≃ C [x, t, P (t) /x], we onlude that V is isomorphi
to the ordinary Danielewski surfae with equation xz = tn − 1, equipped with the Zm-ation
(x, t, z) 7→
(
εx, εqt, ε−1z
)
.
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Remark 5.9. Note that S ≃ V/Zm is nonsingular if and only if n = m. On the other hand,
if n = 1 then S is isomorphi to a yli quotient of A2 = Spe (C [x, t]) by the Zm-ation
(x, t) 7→ (εx, εqt), where gcd (q,m) = 1. In partiular, every ane tori surfae nonisomorphi
to C×C∗ has a trivial Makar-Limanov invariant, see also [4, Proposition 2.11℄ for a geometrial
proof.
Corollary 5.10. Every log Q-homology plane with a trivial Makar-Limanov invariant admits
a nontrivial C∗-ation.
Proof. Indeed, every ordinary Danielewski surfae VP,1 ⊂ A
3
C
= Spe (C [x, t, z]) with equation
xz − P (t) = 0 admits a nontrivial C∗-ation indued by the C∗-ation on A3
C
λ · (x, t, z) =(
λx, y, λ−1z
)
, λ ∈ C∗. In ase that P (t) = tn − 1, this ation ommutes with the Zm-ation
(x, t, z) 7→
(
εx, εqt, ε−1z
)
and so, the quotient S = V/Zm inherits a nontrivial C
∗
-ation. 
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